We propose an alternative inflationary universe scenario in the context of Randall-Sundrum braneworld cosmology. In this new scenario the existence of extra-dimension(s) plays an essential role. First, the brane universe is initially in the inflationary phase driven by the effective cosmological constant induced by small mismatch between the vacuum energy in the 5-dimensional bulk and the brane tension. This mismatch arises since the bulk is initially in a false vacuum. Then, the false vacuum decay occurs, nucleating a true vacuum bubble with negative energy inside the bulk. The nucleated bubble expands in the bulk and consequently hits the brane, bringing a hot big-bang brane universe of the Randall-Sundrum type. Here, the termination of the inflationary phase is due to the change of the bulk vacuum energy. The bubble kinetic energy heats up the universe. We derive the constraints on the model parameters taking into account the following requirements: the flatness of our universe, sufficiently high reheating temperature for the standard nucleosynthesis to work, and the validity of Newton's law up to 1mm. We find that these constraints are satisfied in a wide range of the model parameters. To discuss the flatness problem, we develop a method to treat quantum tunneling on a space with boundary.
Introduction
The braneworld scenario [1] provides an intriguing idea that our universe exists as a boundary of a higher dimensional bulk spacetime. Motivated by the expected progress in the measurement of the Newton's law at a smaller length scale, or inspired by recent progress in M-theory [2] , various kinds of braneworld models have so far been proposed [3, 4] .
After a simple but fascinating phenomenological model was proposed by Randall and Sundrum [5] , many studies were done aiming at developing a consistent cosmological model in the context of this scenario [6, 7, 8] . In the conventional 4-dimensional cosmology, the slow-roll inflation is the most favored solution to the so-called cosmological problems such as the homogeneity problem, the horizons problem, and the flatness problem. Rolling of the inflaton field provides a graceful exit of the inflation. As far as we know, other alternatives are not so successful as the slow-roll inflation within the context of 4-dimensional theory. Hence, on one hand, it is important to examine the extension of this idea to the braneworld cosmology [9, 10] . On the other hand, in the braneworld scenario, a new framework for cosmology, there may be an alternative which competes with the slow-roll inflation. In fact, there have recently appeared interesting attempts [11] to solve major cosmological problems without the use of inflation. Under such a current status of braneworld cosmology, it is an important direction of research to seek for an alternative scenario in which the existence of extra-dimension(s) plays an essential role.
Here we focus on the following fact. In 4-dimensional models, the bubble nucleation by the first order phase transition is less attractive as a mechanism of terminating inflation. Because of the causality, the size of the nucleated bubble does not exceed the horizon scale. Therefore, many bubbles need to nucleate in a synchronized manner beyond the horizon scale to realize a sufficiently large and homogeneous universe. As a mechanism for such synchronization, an additional field which controls the transition rate is introduced in the extended inflation scenario [13] . However, we may be able to avoid such a complication in the context of the braneworld, in which the 4-dimensional causality is violated [14] . We pursue this possibility.
We consider an inflation on a boundary brane driven by small mismatch between the bulk vacuum energy and the brane tension, and discuss the possibility that the nucleation of a true vacuum bubble becomes a trigger of the big-bang of the brane universe. The point is that the bubble nucleation we consider occurs inside the bulk. Not only does such a bulk bubble heat up the brane universe through the colliding process, but also provides an anti-de Sitter bulk of the Randall-Sundrum setup, reducing the effective cosmological constant on the brane to zero simultaneously.
For a simple illustration of our idea, we assume that 5-dimensional universe has nucleated with a single positive tension brane at the fixed point of Z 2 -symmetry [10] . The mismatch between the bulk vacuum energy and the brane tension drives an inflation on the brane. This inflationary phase would last forever if there were no mechanism to terminate it. However, if the bulk is initially in a false vacuum state, the decay of the false vacuum via quantum tunneling results in the nucleation of a true vacuum bubble, which can be a mechanism to terminate the inflation on the brane. If the transition occurs with the highest symmetry, the nucleated bubble has the common center which respects the symmetry of the bulk-brane system. However, even if the transition with the highest symmetry is the most probable process, quantum fluctuations lead to displacement of the position of the nucleation from the center of the symmetry. In this case, the expanding bubble hits the inflationary brane universe. As we shall see, the intersection of the brane and the bubble wall is spacelike. Therefore the energy of the bubble wall is inevitably converted to the radiation energy on the brane unless it dissipates into the bulk. It is also important to note that the brane is instantaneously heated up at this spacelike intersection beyond the horizon scale of the brane universe. Although such a type of thermalization appears a causality violation from the viewpoint of the observers on the brane, it is a natural consequence of the bubble nucleation in the bulk (outside the brane). We call this spacelike intersection a "big-bang surface."
In the future of this big-bang surface, the brane evolves as a radiation dominated Friedmann-LemaitreRobertson-Walker (FLRW) brane universe. The effective cosmological constant is reduced with the true vacuum energy chosen to be the negative value which balances the tension of the brane. Then, the bulk around the brane becomes anti-de Sitter spacetime. The gravity is effectively localized on the brane by the Randall-Sundrum mechanism. Since the true vacuum energy is lower than that in the false vacuum, this model allows a creation of anti-de Sitter bulk from de Sitter or Minkowski-bulk [12] .
As we shall see, the spatial curvature of the resultant FLRW brane universe depends on the location of the bubble nucleation in the bulk. The closer the center of the nucleated bubble is to the center of the symmetry of the bulk-brane system, the smaller the spatial curvature of the FLRW brane universe is. Hence, if the bubble is strongly favored to nucleate near the center of the symmetry, the above scenario can be an alternative to the standard slow-roll inflation.
This paper is organized as follows. In Sec. 2, we first explain the dynamics of the system that consists of a single de Sitter brane at the boundary of the bulk and a single anti-de Sitter bubble inside the bulk. There we discuss the case that the bulk is given by a maximally symmetric 5-dimensional spacetime. We treat both the bubble wall and the brane as hypersurfaces. We illustrate the geometry of our setup by giving its embedding into a 6-dimensional flat spacetime. In particular, we explain the way how the bubble wall intersects the de Sitter brane. Then, we discuss the initial condition for the evolution of the brane after the brane-bubble collision. In Sec. 3, we address the nucleation of a bulk bubble which realizes a sufficiently flat brane universe. We discuss this issue by considering a model of a bulk scalar field, which has a potential localized on the boundary brane as well as that in the bulk, with the background bulk geometry fixed. We develop a method to treat a quantum tunneling on a space with boundary. We first consider the process of quantum tunneling described by an O(5)-symmetric instanton in which the bubble center coincides with that of the boundary brane. Next, perturbing this instanton, we derive the probability distribution of the bubble nucleation as a function of the displacement of the center of the bubble from that of the bulk-brane system. Then, we derive the condition for solving the flatness problem. In Sec. 4, we discuss the constraints on the model parameters in our scenario taking into account the following requirements: the flatness of our universe, sufficiently high reheating temperature for the standard nucleosynthesis to work, validity of the ansatz in our treatment of instanton, and the validity of Newton's law up to 1mm. We show that these constraints are satisfied in a wide range of the model parameters. Section 5 is devoted to summary and discussion. Appendix provides an explicit example of the instanton satisfying all the constraints.
2 Geometry of AdS-bubble and brane universe
Collision of inflationary brane and AdS-bubble
Let us consider the dynamics of a brane Σ B with positive tension σ B and the bubble wall Σ W with positive tension σ W in the bulk given by a 5-dimensional maximally symmetric spacetime, i.e., Minkowski, de Sitter or anti-de Sitter spacetime. For simplicity, we assume that the brane and the bubble wall are infinitesimally thin. It is known that, on these assumptions, both the brane Σ B and the world volume Σ W are described by 4-dimensional de Sitter spacetime. (See Fig. 1 )
The relation which determines the respective curvature radii α B and α W can be obtained as follows. Let us consider the case of the bubble wall because the result for the brane can be obtained just by equating the values of the vacuum energy of the bulk on both sides of the bubble. It will be sufficient to consider the case that the both sides are anti-de Sitter spacetime. We denote the AdS curvature radii on both sides by ℓ F and ℓ T , respectively. The extension to the other cases is almost trivial. When the bulk is de Sitter spacetime with the curvature radius ℓ, we replace ℓ in the expressions for the AdS case with iℓ. When the Bulk is Minkowski space, we just take the ℓ → ∞ limit. The metric of anti-de Sitter spacetime with the curvature radius ℓ can be written as
where dσ 2 dS4 is the metric for 4-dimensional de Sitter spacetime with unit curvature. In this coordinate the vacuum bubble is represented by a y =constant hypersurface. The curvature radius of the bubble wall α W is related to y W , the value of y at the location of the bubble, as α W = ℓ sinh(y W /ℓ). The extrinsic curvature on the bubble is easily calculated as
The plus (minus) sign corresponds to the case in which we choose the side with y < y W (y > y W ) as the bulk. Then we apply Israel's junction condition F → 0 case), which describes an inflationary brane universe. A portion of Minkowski spacetime bounded by a hyperboloid,
, is glued along the hyperboloid onto a copy of itself so that Z2-symmetry is satisfied. The null surfaces I ± M in denote portions of the null infinity of Minkowski spacetime.
where T µ ν denotes the intrinsic energy-momentum tensor on the hypersurface and κ 5 = 8πG 5 the 5-dimensional gravitational constant. For a vacuum bubble, the intrinsic energy-momentum tensor is given by T µ ν = −σ W δ µ ν . After a simple calculation, we obtain
For the brane located at the fixed point of Z 2 -symmetry, we have
To understand the trajectories of the brane and the bubble wall, it will be convenient to consider the way how they are embedded in the bulk on the false vacuum side. As is well-known, anti-de Sitter spacetime is described in higher dimensional flat spacetime E 4,2 as a pseudo-sphere:
where {X M } are the Cartesian coordinates in E 4,2 . When we consider de Sitter bulk, the same arguments follow by replacing X 5 with iX 5 in addition to the replacement of ℓ by iℓ. Intrinsic geometry of both the brane and the bubble wall is de Sitter space. The embedding of 4-dimensional de Sitter spacetime into the 5-dimensional de Sitter spacetime described above is easily done when the center of symmetry of 4-dimensional de Sitter spacetime is placed at
We choose the coordinates so that the de Sitter brane takes this position. Then, its embedding is specified with Eq. (5) by
or equivalently
The wall trajectory Σ W can be embedded in the same way. However, the centers of symmetry of these two 4-dimensional de Sitter surfaces need not be identical. Thus, let us set the center of the bubble wall at
). Assuming that ∆s are small, we neglect the terms of O(∆ 2 ) in the following discussion. Then, the trajectory of the bubble wall is written as a hypersurface specified by
where
F . Note that the bulk of the present system has O(4, 2)-symmetry, but the existence of the de Sitter brane partly breaks this symmetry. The system composed of the bulk and the brane without bubble walls has O(4, 1)-symmetry. The nucleation of a bubble wall in this system further violates this O(4, 1)-symmetry unless both ∆ 0 and ∆ 1 are zero. The embedding of the intersection of the brane Σ B and the bubble wall Σ W is given by Eqs. (5), (6)(or (7)), and (8) . Since the smaller in absolute value between ∆ 0 and ∆ 1 can be set to zero by a coordinate transformation, the geometry of the intersection is classified into the following three cases.
(i) ∆ 0 = 0 case In this case, the center of the bubble is spatially separated from that of the brane. The intersection Σ B ∩ Σ W is specified by a simple set of three equations as
Clearly, this is an 3-dimensional hyperboloid H 3 with the curvature radius a i . As we have anticipated before, the intersection, i.e., the big-bang surface, is spacelike. Note that as seen from Fig. 2 , the collision, hence the big-bang, happens only on a part of the brane. The remaining part of the brane continues the inflation.
(ii) ∆ 1 = 0 case In this case the separation of the centers of the bubble and the brane is timelike. To have the intersection Σ B ∩ Σ W in the expanding side of the de Sitter brane, ∆ 0 must be positive. The intersection is specified by
This is an 3-dimensional sphere S 3 with the curvature radius a i . In this case the whole region of the de Sitter brane collides with the bubble (See Fig. 3 ).
(iii) ∆ 0 = ∆ 1 case In this case the two centers of the bubble and the brane are in null separation. The case with ∆ 0 = −∆ 1 is essentially the same. The intersection Σ B ∩ Σ W is specified by
and Eq. (5). Hence, this gives a 3-dimensional flat space E 3 . Since flat spacelike section is not a Cauchy surface for de Sitter space, there is an eternally inflating region on the brane (See Fig. 4 ). 
Minkowski-bulk

AdS-bubble
Evolution of the brane universe after the brane big-bang
The region of the inflationary brane Σ B which goes across the big-bang surface Σ B ∩ Σ W is naturally expected to continue to a FLRW brane universe with a metric
because the big-bang surface is a 3-dimensional homogeneous and isotropic spacelike surface H 3 , S 3 , orE 3 with the metric dσ 2 (3,K) . Here K is the signature of the spatial curvature, which is determined depending on the type of collision. The spatial sections of the realized FLRW brane universe for the collision of type (i), (ii) and (iii), are open, closed and flat, respectively.
As we have mentioned previously, the AdS-bubble nucleation with non-vanishing ∆s violates the O(4, 1)-symmetry that the system composed of the brane and the bulk has. In the present scenario, we are assuming that the dominant process of the bubble nucleation is of the highest symmetry, i.e., ∆ 0 = ∆ 1 = 0. The symmetry breaking is supposed to occur due to quantum fluctuations in the bubble nucleation process, and therefore we have assumed that ∆s are sufficiently small compared to the curvature radius of the brane. The analysis presented above has revealed that the curvature scale of the big-bang surface is related to the proper distance between the two centers ∆
where we have assumed that α B is not very close to α W . This relation means that, to solve the flatness problem, |∆ 2 | must be sufficiently small compared to the brane radius. After the big-bang, the true vacuum that appears inside the bubble provides the AdS-bulk that is a necessary component to realize the braneworld scenario of the Randall and Sundrum type. The evolution of the FLRW brane universe in the AdS-bulk is determined once the composition of the matter fields on the brane is specified on the big-bang surface. In the present model we simply assume that energy of the bubble wall is completely converted into radiation fields localized on the brane, and the tension of the brane does not change between before and after the collision.
The Lorenzts factor of the bubble wall seen from the observer on the brane can be estimated as
Assuming complete conversion of the energy of the bubble wall, the energy density of the radiation field at the onset of big-bang on the brane is estimated as
Using this estimate of ρ
r and the relation in Eq. (13), we derive a constraint on the displacement of the center of the nucleated bubble, ∆. Since the spatial curvature term in the FLRW equation is not much larger than the contribution from the radiation energy density at the present epoch, we have 1/a 2 0
Substituting Eqs. (13) and (15), we obtain
The displacement of the center of the nucleated bubble must satisfy this inequalities. Otherwise, we end up with a curvature-dominant universe, which contradicts with observations. Although it looks that the appearance of a small number 10 −32 necessarily implies some fine-tuning, it is not always the case as we shall see in the next section.
The energy density on the brane after the big-bang is given by the sum of the contribution from the radiation field and the tension of the brane as ρ r + σ B , and the bulk is given by anti-de Sitter spacetime with the curvature radius ℓ T . Then, the FLRW equation on the brane is given by [6] ȧ a
where κ := κ 2 5 σ B /6 denotes the effective 4-dimensional gravitational constant on the brane, and the effective cosmological constant on the brane Λ 4 is given by
To solve the cosmological constant problem, we need to tune one parameter as usual. However, it will be interesting to notice the following point. Since the 5-dimensional vacuum energy is lower on the true vacuum side, we have ℓ
F . This inequality is consistent with our scenario that the effective cosmological constant on the brane was positive before the brane big-bang bubble.
Bubble nucleation
In the preceding section, we found that the constraint (17) must be satisfied to solve the flatness problem. This constraint (17) contains the displacement of the center of the nucleated bubble from the center of the symmetry of the bulk-brane system, |∆|, whose dependence on the model parameters is not obvious. We shall construct a model in which the expectation value of |∆| is small and give a rough estimate for the expectation value of |∆| to obtain the condition solely written in terms of the parameters of the model.
For this purpose, we examine the process of the false vacuum decay with nucleation of a true vacuum bubble on a space with boundary, which is described by an instanton, i.e., an Euclidean classical solution which contains a time slice corresponding to the field configuration at the instance of the nucleation [17] .
As proven in Ref. [18] , the bubble nucleation with the highest possible symmetry is the most favored tunneling process in the case of the false vacuum decay in Minkowski background without boundaries. If the quantum tunneling were in general dominated by the process with the highest symmetry, the bubble nucleation with |∆| = 0 would be the dominant process. Although this expectation is in favor of our attempt to construct the model, we have to be careful on the fact that in the system without boundaries, the nucleated bubble possesses translational invariance. As a result, the shifted bubble is as likely to nucleate as the unshifted, contrary to the demand of our scenario that the unshifted is to be the most likely. Even for the system with a boundary, we would expect the same trouble if there were no interaction between the tunneling field and the boundary brane. We therefore consider the otherwise. Our model is composed of a bulk scalar field φ minimally coupled to gravity with its bulk potential V (φ) having minima at φ = φ T and φ = φ F , which correspond to a true vacuum and a false vacuum, respectively, and the potential U (φ) localized on the 3-brane. This potential U (φ) introduces the degree of freedom that controls the strength of the interaction between the tunneling field and the boundary brane.
Since our interest is on the bubble with its center in the vicinity of the center of the bulk-brane system, we consider an instanton with a bubble whose center coincides with that of the bulk-brane system, and treat the displacement of the bubble center as quantum fluctuations around this instanton. When the center of the nucleating bubble coincides with the center of the symmetry of the bulk-brane system, the instanton has the same O(5)-symmetry as that of the Euclideanized bulk-brane system. Hence, the Euclideanized geometry of the instanton may be described as
where dσ 2 S4 is the metric of unit four-sphere, and the scalar field φ is a function of y. The 3-brane is located at y = y B , and thus α(y B ) = α B stands. To simplify our discussion, we neglect the back reaction to the geometry due to the non-trivial scalar field configuration. To be more precise, we discuss the nucleation of the scalar field bubble on the fixed background with a constant curvature, whose curvature length ℓ is determined by the energy density in the true vacuum. Since we are interested in the nucleation of an AdS-bubble, which yields a braneworld of the Randall-Sundrum type, we consider the warp factor given by α(y) = ℓ sinh(y/ℓ). When we discuss the cases in which the state before transition is de Sitter or Minkowski spacetime, the approximate treatment fixing the background geometry may not be valid. In such cases, we need to develop the formulation taking into account not only the back reaction to the geometry but also the effect of gravitational fluctuations, both of which we do not discuss in the present paper.
The equation that the instantonφ(y) obeys is
where prime denotes a differentiation with respect to y. The condition that the instanton is regular at the origin requires the boundary conditionφ ′ (0) = 0. Integrating Eq. (21) in the vicinity of the brane and recalling the Z 2 symmetry across the brane, we see that the boundary condition onφ(y) at the brane is given by
Next, we derive the probability distribution of the bubble nucleation as a function of ∆, by considering quantum fluctuations around the instanton. The Euclidean action is expanded to the second order with respect to the fluctuation field δφ as
where △ S4 is the Laplacian operator on a unit four-sphere. The exponentiated action e −SE gives the probability of the bubble nucleation process that the analytic continuation ofφ + δφ describes. Hence, if we choose δφ corresponding to the shift of the nucleated bubble, we obtain the distribution function of ∆. The change in the field configuration after an infinitesimal global translation by an amount of ∆ = |δx µ | in proper distance is given by To obtain the eigen function, we decompose the fluctuation field for k = 1 as δφ = −ϕ(y) 1 Y 1 (Ω µ ). Then the eigen value equationÔδφ = λ 1 δφ with the lowest eigen value λ 1 becomes
The boundary condition at the brane is given by
Differentiating Eq. (21) with respect to y, one can verify
which means χ(y) satisfies the eigen equation (26) for zero eigen value in the bulk. However, χ(y) does not satisfy the boundary condition (27) in general. When we consider the thin-wall limit, for which χ(y) = 0 near y = y B , with vanishing boundary potential, U (φ) = 0, χ(y) does satisfy the boundary condition. In this case, substituting δφ = −χ(y)Y 1 (Ω µ )∆ into Eq. (23), we find that S E does not depend on ∆. This means that the bubble nucleates with the same probability independent of the location of the nucleation center as in the case without the boundary brane. The result is as expected since there is no interaction between the tunneling field and the boundary brane in this case.
In general, since χ(y) does not satisfy the boundary condition (27), χ(y)Y 1 (Ω µ ) is not the lowest k = 1 eigen mode. Nevertheless, unless extreme cases are concerned, we can expect that the true lowest eigen value is still close to 0. If it is the case, the corresponding mode ϕ 1 (y) will also be close to χ(y), at least for y y W . Then, by choosing the normalization of ϕ 1 such that they satisfy lim y→0 ϕ 1 /χ = 1, we can still interpret ϕ 1 Y 1 (Ω µ ) as the mode that represents the shift of the nucleation center. The fact that χ(y) does not give an eigen function means that the most probable field configuration for an off-centered transition is not a simple translation of the symmetric instanton. The field configuration must be deformed due to the effect of interaction between the tunneling field and the boundary brane. This deformation results in non-vanishing λ 1 . If λ 1 is positive, the shift of the center of the nucleating bubble is associated with the deformation that increases S E . As a result, the probability of the nucleation of the off-centered bubble is suppressed.
Substituting δφ = ϕ 1 (y)Y 1 (Ω µ )∆ into Eq. (23), we have
from which we see that the most of the bubbles nucleate with its center displaced from the center of the bulk-brane system less than the amount
for a positive value of λ 1 , while a negative value of λ 1 means that the off-centered bubble is more likely to nucleate. Now, what we need to evaluate is the quantity on the right hand side of this equation. For this purpose, first we note that ϕ 1 is the eigen function of Eq. (26) with the lowest eigen value and the instanton solutionφ(y) is monotonic. Thus, we can choose both ϕ 1 and χ be non-negative without loss of generality. Then, we consider the Wronskian relation between ϕ 1 and χ,
which follows from Eqs. (26) and (28). When the potential of φ localized on the brane U (φ) is absent, we find χ(y B ) = 0 from Eq. (22). This implies χ ′ (y B ) < 0 because χ is non-negative. In this case, the Wronskian relation reduces to α
The integral on the right hand side is always positive while the product on the left hand side is non-positive. Thus, in this case λ 1 is non-positive. This means that the nucleation of the off-centered bubble is not suppressed but rather enhanced in the system with no localized potential U (φ).
When U (φ) is present, from Eq. (31) we obtain
Since χϕ 1 ≥ 0, the signature of the eigen value λ 1 is determined by the factor
where we have used the boundary conditions (22) and (27). Now we present a rough estimate of the right hand side of Eq. (30) under the following assumptions:
(i) The order of magnitude of ϕ 1 is not significantly different from that of χ.
(ii) χ does not rapidly go to zero near the boundary y = y B .
In the present very rough estimate, we do not care about a factor of order 10 or 10 2 . We give an example of the instanton solution in Appendix to show that there exists a model satisfying the above assumptions 1 . As a typical scale for χ 2 , we introduce an energy scale M , i.e, χ 2 = O(M 5 ). This energy scale is also related to the difference of the vacuum energy between true and false vacua. Integrating Eq. (21), we obtain
Here we have assumed that y B is not extremely large compared to ℓ. Under these assumptions, Eqs. (30) and (32) give
Then, the constraint (17) reduces to
where we have introduced a parameter δ W defined by σ W = M 5 δ W . Since the wall tension σ W is approximately evaluated by integrating χ 2 over the wall thickness, δ W is the quantity to be interpreted as the wall thickness.
Constraint on the model parameters
In this section we discuss the constraints on the model parameters, and show the existence of bubble nucleation models which satisfy all the constraints.
First we point out that α B is related to M in the present scenario. After the big-bang, the effective cosmological constant Λ 4 defined in Eq. (19) is supposed to vanish. Therefore we need to set ℓ 
where we have introduced the 5-dimension Planck mass m 5 defined by κ 5 = 6/m 
Here we have neglected the factors, β −1 , ν/M , and δ W /α W in the last approximate equality because of the smallness of their power. This result claims that the energy scale M related to the tunneling field must be sufficiency smaller than the 5-dimension Planck mass m 5 to solve the flatness problem. Although we need to assume hierarchy of O (10 5 ) or more between m 5 and M , further fine-tuning of the model parameters seems unnecessary (See also Appendix). (39); RH denotes the constraint that the reheating temperature be higher than 10MeV, as in Eq. (40) with δW /αW = 1; BR denotes the constraint that the fixed background approximation be valid, as in Eq. (41); and NW denotes the constraint that the Newtons' law be valid on scale larger than 1mm, as in Eq. (42). The circle with a center dot, ⊙, denotes the corresponding parameters of the mock instanton constructed in Appendix.
There is another constraint on M . In order that the standard nucleosynthesis scenario works, the reheating temperature must be higher than, say, about 10 MeV. Using the estimate (15) , this condition gives a constraint M m pl 10 −34
Another constraint comes from the limitation of the validity of our current treatment of neglecting the gravitational back reaction in deriving the estimate (30). Using the fact that the 4-dimensional Planck mass is related to m 5 and ℓ T by m 
Notice that the possibility to take the parameters which do not satisfy this condition has not been ruled out yet. We just say that such a case is out of the validity of our treatment. It is also important to quote the well-known constraint on m 5 which is common to all the braneworld models of the Randall-Sundrum type. It is usually stated as a constraint on ℓ T as ℓ T 1mm, which is necessarily satisfied for the gravity induced on the brane to reproduce the Newton's law at the scale longer than about 1mm. This can be recast into a constraint on m 5 as
All the constraints are summarized in Fig. 5 . We can see that there is a wide region in the model parameter space for which all the constraints are satisfied simultaneously.
Summary and Discussion
We proposed a new scenario of inflation based on the Randall-Sundrum braneworld model [5] . The model consists of 5-dimensional bulk with Z 2 -symmetry and a brane which is located at the fixed point. In our model, when the universe first nucleates, the brane is in de Sitter expansion phase as in the scenario of the braneworld creation discussed in Ref. [10] . In addition to it, the 5-dimensional bulk is assumed to be in a false vacuum initially. Then, eventually false vacuum decay will occur through nucleation of a true vacuum bubble. This nucleated bubble expands and hits the brane. Then the energy of the bubble wall is converted into the thermal energy of the fields living on the brane. Then the brane-bubble collision results in the creation of a hot big bang universe. After the transition, the energy density in the bulk decreases. As a result the effective cosmological constant induced on the brane also decreases. Thus the inflationary phase terminates. Although the usual fine-tuning problem still remains, it is possible to choose the model parameters so that the effective cosmological constant vanish.
In this scenario the spatial curvature radius at the moment of the big bang is related to the location of the bubble nucleation. We found that, to solve the flatness problem, the bubble must nucleate with its center being very close to the center of the symmetry of the bulk-brane system. Under the assumption that the effect of the gravitational back reaction is small, we derived an estimate for this probability distribution. Then, we found that this required concentration of the nucleation point can be realized if the tunneling field has an appropriate potential localized on the brane. In addition to an appropriate choice of the localized potential, it turned out to be necessary that the typical energy scale of the potential of the tunneling field M is about 10 −5 × m 5 or less, where m 5 is the 5-dimensional Planck mass. We therefore need to introduce hierarchy of O (10 −5 ), but the constraint on the nucleation point does not seem to require any fine-tuning of the potential of the tunneling field. We have shown an example of a viable model in appendix.
We also discussed other two constraints on the model parameters. One comes from the condition that the reheating temperature is sufficiently high. The other is the condition that the deviation from the Newton's law is not allowed at the scale longer than 1mm. These constraints are summarized in Fig. 5 . Still a wide region of the parameter space is allowed. The condition for the week back reaction shown in the same figure just indicates the limitation of our analysis. This figure shows that there is a possibility that viable models exist also in the strong back reaction regime. In the strong back reaction regime, the initial state of the bulk is not necessarily anti-de Sitter spacetime. It can be either Minkowski spacetime or de Sitter spacetime. This might be an interesting option of this scenario.
Here we wish to stress one distinctive feature of our model. We know that it is usually convenient to introduce a corresponding effective 4-dimensional picture even when we are interested in a 5-dimensional model. However, if we interpret the scenario proposed in this paper on the viewpoint of the 4-dimensional effective theory, it looks quite unnatural. The phase transition occurs beyond the horizon scale in a completely synchronized manner. It will be difficult to explain such a process without assuming the existence of extra-dimension(s). This means that our scenario gives an essentially new paradigm opened for the first time by considering in the context of the braneworld.
In the sense that our universe is realized inside a single nucleated bubble, our new scenario has a common feature with the one-bubble open inflation [15] . However, in the one-bubble open inflation, a slow roll inflation inside the nucleated bubble was necessary. Since the bubble wall, namely, the boundary surface of the old inflationary phase, is timelike, the universe inside the nucleated bubble is curvature dominant from the beginning. Hence the flatness problem is not solved without the second inflationary epoch. On the other hand, in the present scenario, the bubble nucleation occurs not on the brane but inside the bulk. The boundary surface of the inflation on the brane is spacelike, hence the brane universe can be sufficiently flat without introducing a second inflation.
A few comments on the assumptions we used are in order.
In the process of the brane-bubble collision, we simply assumed that the bubble wall hits the brane inelastically and the energy of the wall is completely converted into the energy of radiation on the brane. However, there is no justification for this assumption. Although so far there have appeared several works on the collision of thin shells [16] , the mechanism of energy transfer at the collision of branes has not been made clear yet. Moreover, the process of collision will be heavily model dependent. It is easy to imagine other possibilities. For example, the collision might be elastic, and then the bubble bounces into the bulk. The energy of the bubble wall may completely dissipate into the bulk as radiation. The energy dissipating into the bulk may produce the Weyl components of the bulk gravity. Then, they affect the evolution of the FLRW brane as dark radiation, whose energy density must be suppressed compared to that of the fields localized on the brane. Otherwise, the standard big-bang nucleosynthesis would not work. To avoid this problem, our scenario may require a certain mechanism which realizes the efficient energy conversion from the bubble wall to the fields localized on the brane. This might be possible, for example, if a sufficiently large number of light fields which couple to the bulk scalar field φ reside on the brane. If the inverse of the bulk curvature radius ℓ −1 T is larger than the reheating temperature, most of the KK modes of the bulk fields will not be excited by the brane-bubble collision. Then, the number of relevant degrees of freedom localized on the brane is larger than that living in the bulk. In such a situation, once the equi-partition among these relevant degrees of freedom is established, the relative contribution from dark radiation is suppressed. Alternatively, we can construct a model in which such a relic dark radiation is diluted by a fairly short period inflation like thermal inflation [19] implemented by the potential U (φ) on the brane.
We also assumed that the brane tension σ B does not change before and after the collision. One may think it more natural that the brane tension σ B changes during the collision. If the change of σ B is hierarchically small compared to the value of σ B , the present scenario works as in the same manner. To further investigate this issue, one needs to specify the details of the model, which will be supplied once we can embed this scenario in more fundamental theories such as string theory or M-theory.
We considered a single bubble nucleation in the bulk. There is, however, a possibility that many bubbles nucleate. Since we must take into account the interaction among the bubbles, the localization of the nucleation center of a single bubble does not imply that of multiple bubbles. Suppose that this localization is achieved. Then, the situation will be similar to the single bubble case. Since vacuum bubbles expand exponentially, they immediately collide with each other after the nucleation and continue to expand as a single bubble. The bubble collision may produce inhomogeneities on the bubble wall. However the rapid expansion of the bubble wall will erase such inhomogeneities by the time of the brane big-bang. If the bulk field potential V (φ) has a number of different vacua and bubbles are nucleated in the different vacuum phases, the collision of the nucleated bubbles may produce topological defects of lower dimension, which could remain on the FLRW brane after the brane big-bang. However, provided again that the nucleation of bubbles is confined very near the center, one can expect that the abundance of such lower dimensional topological defects in a horizon scale of the FLRW brane is reduced sufficiently by the de Sitter-like expansion of the bubble wall, as the standard inflation solves the problem of unwanted relics.
The following issues need further investigations. First, it is not clear how to realize the situation assumed in this scenario on the basis of well motivated particle physics models. For example, the origin of the required hierarchy greater than 10 5 need to be explained. Second, we used a simple analysis on the motion of the nucleated bubble in Sec. 2 using the thin wall approximation. However, the wall thickness and the wall-brane interaction were essential for the mechanism to concentrate the position of the bubble nucleation. In the present paper, we did not estimate the expected amplitude of density perturbations in this new model. The analysis of density perturbations for sure will bring another meaningful constraint on the model parameters.
We do not follow the ordinary route in which we start with fixed potentials of the tunneling field. Instead, we give the form of an instanton first. By definition, the instantonφ(y) is a monotonic function of y with its derivative χ(y) = −φ ′ (y) vanishing at the origin y = 0 and satisfying the relation in Eq. (22) at the boundary y = y B . To reproduce the wall-like configuration, χ(y) needs to have a peak at the radius of the wall, y = y W . Also, χ(y) should be an odd function of y in the vicinity of the origin, y = 0, so that the corresponding potential V (φ) is non-singular. Taking into account these features of an instanton, we assume an instanton of the form χ(y) = Ay + By 7 + Cy An example of such an instanton χ(y) is shown with a dotted line in Fig. 6 . Here, the last equation on χ(y W ) is just the definition of M , which has been introduced in Sec. 3. The form of χ(y) for 0 ≤ y ≤ y W , which contains y 7 and y 9 terms but no y 3 and y 5 terms, may look unnatural. We adopt this choice just to make the peak of χ(y) corresponding to the bubble wall distinct. The above form of χ(y) is completely fixed by specifying the place of the bubble wall y W , the place of the brane y B , the thickness of the wall w and the value of χ(y) at the brane, which equals ∂ φ U (φ(y B ))/2. Here, for an explicit example we choose
The corresponding potential V (φ) may be obtained by integrating Eq. (21) for a specified value of ℓ, which we shall take as
Thus obtained potential V (φ) is shown in Fig. 7 . Here, ∂ φ U (φ(y B )) = 0.06M 5/2 is chosen so thatφ(y B ) is not far away from φ F (see Fig. 7 ), and at the same time, assumptions (ii) in (34) is satisfied. For larger ∂ φ U (φ(y B )), the difference betweenφ(y B ) and φ F becomes larger. The number 0.18 for w/M −1 is the smallest possible two digit number to keep χ(y) positive definite when ∂ φ U (φ(y B )) = 0.06M 5/2 . The place of the brane y B is chosen to such a value that it satisfies the constraint obtained in Sec. Now that we have obtained the corresponding potential V (φ) for an instanton with the desired properties, we consider ϕ 1 (y), which is an eigen function of the eigen value equation in Eq. (26) with the lowest eigen value λ 1 under the boundary condition in Eq. (27) with a given value of ∂ 2 φ U (φ(y B )). Hence, ϕ 1 (y) and λ 1 are the functions of ∂ 2 φ U (φ(y B )). Here, to simplify the matter, we see ϕ 1 (y) and ∂ 2 φ U (φ(y B )) as the functions of λ 1 instead, and choose λ 1 such that we do not need to introduce an extra energy scale to U (φ). Differentiating Eq. (31) with respect to y, we obtain the differential equation 
where we have defined µ := ϕ 1 /χ and A := α 4 χ 2 ≥ 0. By the definition of ϕ 1 (y), we have µ(0) = 1 and the value of µ ′ (0) is fixed by the smoothness of µ(y) at y = 0. Hence, given the value of λ 1 , µ(y) and thus ϕ 1 (y) can be obtained by integrating the above equation with the initial conditions just stated. Then, −2(∂ y ϕ 1 )/ϕ 1 | y=yB gives ∂ The potential V (φ) for the instanton in Fig. 6 is shown.
